ABSOLUTE CONTINUITY OF A CLASS OF UNITARY
OPERATORS

DOUGLAS C. SZAJDA

ABSTRACT. Let F denote the Fourier transform on L2(R), and let T =
Dy M, where D, = FMyF~1, ¢ € H®(R) is inner, and |u| = 1 a.e.
This paper gives a partial description of the spectral multiplicity theory of
T. It is shown that 7T is absolutely continuous and is a bilateral shift of
infinite multiplicity if ¢ is not a finite Blaschke product. Similar results
are obtained for the (isometric) restrictions of 7' to the invariant subspaces
L?(a,00). Specifically, these restrictions always have absolutely continuous
unitary parts, and shift parts with multiplicity equal to the multiplicity of

®.

1. INTRODUCTION

Consider the class of operators on L?(R) consisting of sums and products of
operators of the form D, = FM,F~' and My, where F denotes the Fourier
transform

1 > —ixt
(Fh)w) = o= / e

and My denotes multiplication by . For various choices of ¢ and v, one can
obtain the Toeplitz, Hankel, and singular integral operators, as well as the con-
volution integral operators. The Fredholm theory of these objects has a long
history, including studies by Duducava [6] and Power [16, 17, 18, 19], for ¢,
both piecewise continuous. The more delicate problem of unitary equivalence has
been solved only in the cases of self-adjoint Toeplitz operators [20, 11], self-adjoint
singular integral operators [21, 15], and for certain classes of self-adjoint Hankel
operators [8, 9, 10]. Most recently, operators of the form D My with ¢ and
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analytic are featured in [12], in which the operators are used to determine the
unitary automorphism group of the Fourier binest algebra.

This paper is the first in a series dealing with the class of unitary operators
of the form T' = D,M,, for ¢ € H>*(R) inner and |u| = 1 a.e. The present
article focuses specifically on the issue of absolute continuity, and in the process
answers the unitary equivalence question for the case in which ¢ is not a finite
multiplicity Blashcke product. The next two papers in the series address the issue
of unitary equivalence for the finite Blaschke product case. In each paper, ideas
from spectral multiplicity theory are used to obtain information concerning the
unitary equivalence classes of these objects, and also of the restrictions Ty, o of
T to the invariant subspaces L?(a, o0).

Specifically, let D denote the open unit disk in the complex plane, and 9D
denote the unit circle. According to spectral theory, there is associated with each
unitary operator U acting on a separable Hilbert space H a spectral measure F
on JD such that

U= AE(N).
oD
U is absolutely continuous (resp. singular) if all of the scalar spectral measures
(E(-)x,y) are absolutely continuous (singular). In addition, there exist direct
sum decompositions H = He. ® Hs and U = U, @ U, of H and U such that H,.
and Hg are U reducing subspaces, with U, = U\HQC and U, = U|HS respectively
absolutely continuous and singular [3, 13].

Spectral multiplicity theory provides a similar, but somewhat more powerful,
formulation of these ideas. Specifically, it states that there is associated with U
a Borel measurable field of Hilbert spaces {H) : A € D} and a finite positive
Borel measure v on 0D such that U is unitarily equivalent to multiplication by A
on the direct integral Hilbert space

D= @®H\dv(\).
oD
The spectral multiplicity function n defined by n()\) = dim H) along with the
scalar spectral measure v describe U in the sense that any unitary operator whose
scalar spectral measure is mutually absolutely continuous with v and whose multi-
plicity function agrees with n except on a set of v measure zero must be unitarily
equivalent to U. The properties of absolute continuity and singularity in this
framework are defined to reflect the corresponding properties of v. Despite the
apparent differences between these definitions and those in the previous para-
graph, both sets of definitions describe the same subclasses of unitary operators.
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Section 2 of this note provides a brief introduction to Hardy spaces on the
half-plane, along with other relevant definitions and concepts. Sections 3 and 4
address the absolute continuity problem. In the former, operators T' for which ¢
has the form ¢ = e?** a > 0 are examined with the help of the minimal unitary
dilation notion of Sz.Nagy-Foiag [23]. The final section presents an example of
an operator that is not absolutely continuous, demonstrating that a “slightly”
non-analytic ¢ can result in a non-trivial point spectrum.

I would like to thank Thomas Kriete for many valuable discussions during the
writing of this article. It was his examination of the isometric single Blaschke
factor case [14] that served as the motivation for the present study. I would also
like to thank the reviewer for a number of helpful suggestions.

2. PRELIMINARIES

Let © denote the upper half-plane, and let H? denote the Hardy space on 2,
which by passing to boundary values may be considered a subspace of L?(R). The
Paley-Wiener Theorem (see e.g. [22]) states that F' maps e'®®H? isometrically
onto L?(a, 00). One should note that if o < 0, then e!*®H? contains H2. The
space H consists of all bounded analytic functions on the upper half-plane, and
can be considered a subspace of L°°(R) in a manner similar to H?2.

A function ¢ € H is said to be inner provided |¢| = 1 almost everywhere on
R. For such ¢, the set ¢H? = {¢f : f € H?} is a closed subspace of H2. Inner
functions of the form

z—1 2o + 1] 2 = zn
B =
(2) = (z+z> H22+1 z—Zn
for m and n nonnegative integers and {z,} a sequence in Q\{i} with

ZLQ<OOa Zn = Tn + Yn
1+|Zn|

are called Blaschke products, and their multiplicity is defined to be the number
of factors if this number is finite, and infinite if not. In general we define the
multiplicity of an inner function to be the dimension of the subspace H? © @ H?2.
For Blaschke products these two definitions coincide. It can be shown that an
inner function ¢ has finite multiplicity if and only if it is a finite multiplicity (or
simply “finite”) Blaschke product, and in this case, the elements of H?© pH? are
all rational functions.
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For ¢ € L>°(R) we define the Toeplitz operator with symbol ¢, denoted T, to
be the operator on H? given by

T,f = PM,f = P(¢f),

where P denotes the orthogonal projection of L?(R) onto H2.
For a > 0, let S, be the unitary translation operator on L?(R) defined by

(Saf)(2) = f(z —a)

and let S, denote the isometric restriction to L2 (0, 00) defined by
($a)(@) = Xy @) (@ — ). ($21)(@) = X(0.00) (@) (& + ).
When considering F as a unitary mapping on H?(R), the relations
FTico = S, F

and
858, =1, 8,5% =Pno
are useful. Here, P, ~ denotes the projection of L?(0,00) onto L?(«, 00).

For T a contraction on a separable Hilbert space H, define the defect operators
Dy and Dy« and defect spaces Dy and Dr-, by

Dr=(—-T*T)?, Dp.=(I—-TT"?

and

DT = DT(H), DT* = DT* (H),

where the bars denote closure in the norm topology of H. It is easily shown that
if T is isometric, then the defect operator Dp« is the orthogonal projection of H
onto the closed subspace range(l — TT™).
For the remainder of this paper, we assume that T is the unitary operator on
L?(R) given by
T=FM,F'M,,

where p € H* is inner and u € L is such that |u| = 1 almost everywhere. When
convenient, we will use D, to denote the Fourier multiplier D, = FM,F~! so
that 7" may also be written 7' = D,M,,. Much of the analysis that follows benefits
from the rich collection, {L?(c,00) : a € R}, of T invariant subspaces of L?(R).
To see this invariance, note that the Paley-Wiener Theorem combined with the
relation

FMeiaw - SO(F
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implies that F' maps ¢*“® H? isometrically onto L?(a,00). From this, it follows
that

Dy (L?*(a,00)) M, = FMy(e"“"H?) = F(pe'**H?) C F(e"**H?) = L*(ar, 00).

Since the present analysis involves a large number of subspaces of various forms,
some notational shortcuts are employed. For —oo < o < 8 < 00, and A a bounded
operator on a Hilbert space H, we will write A, 3 to denote the compression of A
to L?(a, 3), when this compression exists. The lone exceptions to this convention
are that T' = T|L2(0,oo) and (as mentioned previously) S, = Salrz(a,00): Pm
denotes the orthogonal projection of H onto the subspace M, and M= refers
to the subspace H © M. In many of the examples that follow, M will be a
subspace of both L? and H?, in which case M+ will always refer to H> © M
as opposed to L2 & M. If A is a contraction, we will use A, Ao; Hy, Ho; and
P,, Py; to denote respectively the unitary and completely non-unitary parts of
A, the corresponding subspaces of H, and the projections onto these subspaces,
assuming that such objects exist for the particular operator in question.

The analysis here is simplified by the unitary equivalence of several of the
operators under consideration. In particular, for f in the L?-dense set L'(0,00) N
L?(a,00), and « € R,

1 0 . oo
St P oDy MyPy oo = SiPaoco (/ e_”tgp(t)/ eZtsu(s)f(s)dsdt)
(6%

2 J_ o

= Po,ooSh <217r /00 e~ (1) /:O eitsu(s)f(s)dsdt)

— 00

= P <217r /00 e To(t) /00 ei(sa)tu(s)f(s)dsdt>

— 00

= Pio (;ﬂ /Ooe_mgo(t)/ome”‘su(s—i-a)f(s+a)dsdt>

— 00

= PO,OODWMSQ*’LLPO,OCS‘;a
so that for all f € L?(«, 00),
(2-1) (DcpMu)a,oo = Sa(DtpMSa*u)O,ooS;-

This unitary equivalence allows us to concentrate our isometric case efforts on the
L?(0,00) restriction.

Finally, we assume throughout that ¢ is not a constant function, as this would
make T a constant multiple of a multiplication operator, a class whose spectral
multiplicity theory is well understood [1].
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3. ABSOLUTE CONTINUITY FOR ¢ = ¢e/* > 0.

Let H and K be Hilbert spaces, and suppose A € B(H) and B € B(K). We
write A = prB, if both H is a subspace of K and Az = Py Bx for all x € H,
where Py denotes the orthogonal projection from I onto H. B is a dilation of A
if A" = prB™ for n =1,2,.... If in addition B is unitary and K satisfies

K=\ B,
n=—oo
then B is the minimal unitary dilation of A. (For a given operator A, there can
be many different dilations satisfying this definition. All of these turn out to be
isomorphic, however, and thus we speak of “the” minimal unitary dilation.)
Now, let ¢ = €'®® for some a > 0. Then

T =FMo: F *M, = S FF~'M, = S, M,

SO

T = P0700T*|L2(0,oo) = PO,ooMUSmLz(O,OO) =

= MHPO,OOS;|L2(O,OO) = Mﬂ§a*‘L2(07m)~

A direct calculation shows that for n =1,2,..., and f € L?(0, 00),

n—1

(3.1) (T*" £)() = X(0,00) (@) f ( + na) [ ul@ + ka).

k=0

Lemma 3.1. The operator T o with ¢ as above is a unilateral shift of infinite
multiplicity for all B € R.

PROOF. By equation (2.1), we may restrict our attention to 7". This is isometric,
so by the Wold decomposition it suffices to show that " =0 strongly, and that
dim(L2(0,00) © TL?(0,00)) = oo. The former follows easily from (3.1) and the
latter from the relation L2(0,00) & T'L2(0,00) = L2(0, a). O

Lemma 3.2. T is the minimal unitary dilation of T.
PrROOF. For n =1,2,... we have

Tn = (PO,OOT|L2(O,00))(P07°OT|L2(O,OO)) ...... (P07°OT|L2(O,OO))

n

Po.0cT"| 20,00)
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o) T"f = Py oo T"f for all f € L?(0,00), and T is a unitary dilation of T. Also,
\/ T"L*0,00) = \/ L*(na,oc)=L*(R)
n=-—oo n=-—oo

so T is minimal. O

Corollary 3.3. For ¢ = €'“* with o > 0, T is a bilateral shift of infinite multi-
plicity, and thus absolutely continuous.

4. ABSOLUTE CONTINUITY FOR THE REMAINING INNER
FUNCTIONS

The following lemma is fundamental:

Lemma 4.1. Let A be a contraction on H, and let L be a collection of A invariant
subspaces. For M € L, let Ay = Al . If

\V{PxyDas, : MN € LN C M} =H,
then A, the unitary part of A, is absolutely continuous.
ProoOF. Let NV C M. We first show that
(1.2) YDA, Py < D
from which it follows by a “folk theorem” (see e.g. [4]) that
(4.3) range(Py D s, ) C range(Dax, ).
Toward this end, consider the matrix decomposition of A, with respect to the

direct sum M = M & (M 6 N). Since clearly N is invariant for Axq, and Ay
restricted to A is A, this matrix has the form

| Av X
AM_[ - Y}



8 DOUGLAS C. SZAJDA

It follows that

(1 0 I 0 Ay X [ Ay O I 0
2 _ _ N
reviere = [ o] 718 V1 2 D) Lo o]
[T 0] I-AxAy - XX* 0 I 0
oo -YX* I-YY* 0 0
[ T—AnAy—XX* 0
- 0 0
[ D2. —XX* 0
= N .
0 0

Thus, PNDE‘%PN = Dij\[ — XX* on N. Since both PNDQRAPN and D2Tv
are zero on N'-, (4.2) holds, as does the range inclusion (4.3). Now, let f €
Py Das, (H). Then by (4.3), f = Daz h for some h, so

12 _ 2
(1= AP =A™ = (1= AP T = AAx) " Dag BI™ < [IAl1*.
It follows that if P, is the projection of H onto H,, the unitary subspace of A,
then
(L= AP = A4) T Pf|* < (1], all A € D.
In particular, the quantity on the left is bounded for all A € D. By the spectral
theorem, therefore, P, f is in the absolutely continuous subspace of H,. But the

vectors f as above span H, so {P,f : f as above} spans H,, and it follows that
the absolutely continuous subspace of H, is all of H,. O

The plan is to apply this result to the operators T, ~, and then use the absolute
continuity of (Tt 00)w to show the property for 7. So, let us consider the operator
T with ¢ neither constant nor of the form e?®*, and let £ be the collection of
invariant subspaces

L ={L*(a,00) : a > 0}.
We verify the stronger spanning condition
\V{PmDs. : M € L} = L*(0, 00).
Since 7' is isometric, Dj;. = L?(0,00) & TL?(0,00), which in this particular case
is simply F(H? © ¢H?), so we need only show that
V X(aroo) F(H? © H?) - a > 0} = L*(0, 00)

Toward this end, we prove the following:
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Lemma 4.2. Let ¢ be inner and non-constant. Then all of the elements of F(H?*©
©H?) vanish simultaneously on a set of positive measure if and only if ¢ = e'*
for some o > 0.

PROOF. The Paley-Wiener theorem renders one direction trivial. So, suppose
there exists a set A C (0, 00) with positive Lebesgue measure (denoted |A| > 0),
on which every f in F(H? © pH?) vanishes almost everywhere. Then, F(H? ©
©H?) is contained in L?((0,00)\A) and it follows that (F~'L2((0,00)\A))* is
contained in pH?. Since F~'L?(A) is orthogonal to F~1L%((0,00)\A), it must
also be contained in ¢ H?, and equivalently L?(A) C F(pH?). Tt follows that for
all a > 0,

SoL?(A) € SoF(9H?) = FT,i0:(pH?) C F(pH?),

and hence

Let v = inf{t € (0,00) : |[AN(0,¢)| > 0}. One can show that the span on the left is
exactly L%(7y,00) so that the latter subspace is contained in F(¢H?) and e"* H?
is contained in @H?2. Now 7 can’t be zero, since then H? would be contained
in oH? and ¢ would be constant, a case we have excluded. If v > 0, then the
non-constant ¢ must divide e?7®. By standard function theory [7], ¢ = €*® for
some « with 0 < a < 7. O

Proposition 4.3. Let ¢ be an inner function which is neither a constant nor of
the form e, and let T = D,M, with |u| = 1 a.e. Then for all o € R, the
isometric restriction Ty oo = T|L2(a’oo) has absolutely continuous unitary part,
and shift part with multiplicity equal to the multiplicity of .

PRrROOF. We first consider the absolute continuity of 7,. By Lemma 4.1 and the
remarks following it, it suffices to show that

VX (@) F(H? © H?) : a > 0} = L*(0, 00).

Let M denote the span on the left and suppose g € L?(0,00) © M. Then the
function h(t) defined by

h(t) = — / o) F(@)de

is zero for all t > 0 and all f € M. But h is absolutely continuous, so differentiat-
ing gives g(x)f(z) = 0 almost everywhere. Now, let F = {z : g(x) # 0}. Clearly,
f(xz) = 0 almost everywhere on E for all f € F(H? © pH?). By the previous
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lemma, |E| = 0, which implies that g = 0 almost everywhere, from which the ab-
solute continuity of T, follows. That the shift part of T has the stated multiplicity
is clear. The result for the remaining T}, o, follows from equation (2.1). O

Theorem 4.4. Let T = D,M, with ¢ and u as above. Then T is absolutely

continuous.

PRrROOF. Fix a € R and f # 0 € L?(a,00). Let E and E, denote the spectral
measures for T and (T, )u respectively, and let (P,), and (P,), denote the
projections onto the completely non-unitary and unitary subspaces of L?(«,00)
with respect to the operator T, o. For A € D, and 6 € [0, 27], define the Poisson
kernel Py (6) by

L

P\(f) = ———.
[1— )\ew|2
By the spectral theorem and the definition of T}, o, we have for all A € D,

@R@MMMﬁ:(MWWUJﬂHW

(1= AP = Naoe) 111
(1= AP = NTo0)a) ™M (Pa) I
+ (1= PP = X(Tae)0) " (Pa)of I

:AA<Max>m>ﬁ

D

(4.5) + (1= PP = NTaoe)o) (P fII™

Now, (T, )o is a shift with multiplicity equal to the dimension of D,.., and hence
unitarily equivalent to the shift operator S : f(A) — Af()) acting on the vector
valued Hardy space H?(Dy.. ). It follows that there exists a non-zero g € H?(Dj.,)
with

I(Z = XNTa00)0) ™ (Pa)o f| = (1 = XS) " gll.

But, for w € D,

(I =X8)'g)(w) =
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so that
2 1 2
I—-XS)™! = =
=35l = et
= ——|lg(e —
| e -
1 gv2dO
- - Py (0 610 —,
e L, POl
and hence
- 1 o2 do
T = MTo)o) " (P, 2=7/ IXOITCA
I = ATa00)0) ™ (Pa)o fl TP oo AO)llg(e™)" 5

Combining this with (4.5) gives

/ PAO)E®)S. ) = / PA(B)d(Ea(8)(Pa), f. (Pa), f)
oD oD
2df

%a

+ /8 POl

all A € D, from which it follows that
2df

UEO)f. 1) = dEalO)(Pa) oS (Pa) )+ lg ()"

By Proposition 4.3 then, d(E()f, f) is absolutely continuous. Since o € R was
arbitrary and \/, cp L*(a, 00) = L*(R), the result follows. O

Corollary 4.5. Let T be as above and suppose @ has infinite multiplicity. Then T
is a bilateral shift of infinite multiplicity.

PROOF. For a bilateral shift U of infinite multiplicity, the scalar spectral measure
is Lebesgue measure on the unit circle and the spectral multiplicity function is
infinite almost everywhere. Since the direct sum of two unitary operators has
scalar spectral measure and spectral multiplicity the sum of the corresponding
elements of the summands, the direct sum of an absolutely continuous unitary
and a bilateral shift of infinite multiplicity is a bilateral shift of infinite multiplicity.

Now, T is a unitary dilation of T, so it must contain the minimal unitary
dilation U of T. Since the minimal unitary dilation of a unilateral shift is a
bilateral shift of the same multiplicity, Proposition 4.3 implies that ¢/ is the direct
sum of an absolutely continuous unitary operator and a bilateral shift of infinite
multiplicity, which from the preceding paragraph is just a bilateral shift of infinite
multiplicity. Now, let X =\/>2___ T"L?*(a, c0). Then K is reducing for T and by

n=—oo
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the definition of the minimal unitary dilation, | isi/. Thus, T = V&U, where V
is the restriction of T' to L?(R) © K. By Theorem 4.4, T is absolutely continuous,
which together with the absolute continuity of ¢/ implies that V is absolutely
continuous as well. That is, T" is the direct sum of an absolutely continuous
unitary and a bilateral shift of infinite multiplicity, and is thus a bilateral shift of
infinite multiplicity. O

5. A “COUNTEREXAMPLE”

The present example demonstrates that our conditions on the symbol functions
o and u are “sharp” as far as absolute continuity is concerned. Specifically, there
exists a function ¢, a quotient of two Blaschke factors, and a unimodular function
u, such that DM, is not absolutely continuous. I am grateful to J. Howland
and T. Kriete for bringing it to my attention.

For n > 0, define the Hermite polynomials H,, and Hermite functions e,, by [2]

en(z) = Hp(x)e™ 2.

Arguments from classical analysis [5] show that the e, are eigenfunctions for the
Fourier transform satisfying

Fe, = (—i)"e,.
Let f =eg+ies, and g = eg — ie3. Then
F'f = FMeg +iez) = g —iea = g,
and similarly F~'g = f. Moreover, since the e; are real valued,

2 2
If] 2602+€22:|9| )

so that
_ 2 2 2 _ 2
[ETUT =gl = 1] = [F g

3 _ 1 kg
almost everywhere on R. If welet kK = — g n f yand u = 7, then v is unimodular,

21
and since f is not a constant multiple of g, u is not constant. Now, let

_
v kF—1g

Then |p| = 1 almost everywhere, and we have

F'f = gkF~tg = oF Y(uf) = MyF ' M, f
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so that f is an eigenvector of D,M,,, and thus the latter has point spectra. But,
Fﬁlf g ey — 1es 1—1iH,

PTRF g T kf  K(eo +iea) k(1 +iHy)
If for zg € Q we let B,,(z) denote the single Blaschke factor with zero zp, then
a direct calculation shows that this last quotient is the boundary value of the

B .

complex function Bagzi’ where « is the upper half-plane square root of % -1
Bz

and [ = —a. Since this last expression is a quotient of single Blaschke factors, ¢

is not inner, but is in many ways as close to being inner as any non-H*° function
can be.
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